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CHAPTER 1. 
INTRODUCTION 
1.1 Power System Security 
Security is freedom from risk or danger. Power systems, however, can 
never be secure in this absolute sense. Accordingly, in a power system 
context, security can only be a qualified absence of risk, specifically of 
risk of disruption of continued system operation. [1] 
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Over the past two decades, much work has been done in the area of quantifying 
the security of a power system with respect to large disturbances ([ 1] and references 
therein). In recent years, there has been growing concern over another security issue 
which does not necessarily involve these major disturbances in the power system. In 
the wake of several incidents in which there was a loss of steady-state stability due to 
voltage collapse [2,3], many investigators have proposed .methods of quantifying the 
vulnerability of a power system to voltage collapse [ 4-11]. 
1.2 Project Motivation 
The issue of voltage collapse is of concern to the power industry because it is 
caused, in many cases, not by a loss of stability due to a large disturbance, but rather 
by the disappearance of the system equilibrium point as the stable and unstable 
solutions of the power flow equations coalesce into one point [12]. As systems 
become more stressed due to increases in loading without the benefit of new 
transmission and generation capacity, more cases of voltage instability and collapses 
are predicted. One clear way to avoid this problem is with the construction of new 
facilities such as transmission lines and power generation stations. However, the cost 
of building new capacity is too expensive, especially in regard to environmental issues. 
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The desire, then, is to develop a tool for accurately measuring the proximity of the 
current operating point to the point of voltage collapse. In regard to the operational 
environment, this measure must present to the operators or planners real control 
actions that they can imple~ent to avoid the loss of voltage stability. The measure 
must be of sufficient accuracy to allow the power system to operate both reliably and 
economically.-
1.3 Voltage Instability and Collapse 
In transient stability studies, the concern of system planners and other investigators 
is with the robustness of the power system. In this context, a large disturbance is 
introduced into the system (e.g., a fault); the problem is to determine whether the 
system will remain stable (i.e., generator angles will not diverge with respect to each 
other). In contrast, for the case of voltage instability and collapse, many cases are not 
caused by a sudden disturbance but rather through a gradual change in the system 
operating point over a relatively long period of time (i.e., minutes to hours), with the 
point of voltage collapse characterized by the disappearance of the system equilibrium 
in the form of a saddle node bifurcation [ 13]. This phenomenon of static bifurcation 
and voltage collapse was studied through simulation in [14]. 
This problem can be defmed by considering an m-dimensional parameter space as . 
in Figure 1.1 (where parameters are, for example, system loads and generator 
injections). The shaded area in the figure corresponds to the region in which the power 
flow equations have at least two real solutions [15]. Therefore the region is denoted as 
the solvable region. The current operating point is then represented as a single point 
within this region. Let the region in which the power flow equations have no solution 
be denoted as the unsolvable region. The (m-1 )-dimensional surface between the 
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solvable and unsolvable regions is denoted as l: in Figure 1.1 with l: being 
characterized by a singular power flow Jacobian [ 15]. The distance from the system 
operating point to a point on l: ~s the quantity to be measured. 
Unsolvable 
Region 
> 
Boundary 1: 
FIGURE 1.1 : Solvability regions of the power flow equations. 
1.4 Thesis Overview 
As stated earlier, many methods have been proposed to measure the vulnerability 
of a power system to voltage collapse. One area which has shown promise is the use 
of energy methods. In energy methods, an energy function is defmed such that the 
current operating point, which is the stable equilibrium, is at the local minimum of an 
energy well. The system state (i.e., the current operating point) will generally stay at 
the local minimum with only minor variations due to loads turning on and off. For 
voltage collapse to occur, the system must either receive some quantity of kinetic 
energy or experience an increase in load such that the operating point moves out of the 
well, typically close to one of the unstable equilibrium points which can be used to 
define the boundary of the well. Energy methods calculate the energy difference 
between the stable equilibrium point and an unstable equilibrium point on the boundary 
of the energy well. 
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Although it has been shown in [16] that there is not a closed-form energy function 
for the case with losses, in [8] and [9], the authors apply an approximate energy 
function to systems with losses. In [ 17], it was shown how this closed-form voltage 
security measure could be interpreted in the form of real quantities (e.g., MW or 
Mvar) familiar to the user. In [17], the energy measure is shown to be very useful for 
approximating the maximum loadability of a lossless two-bus power system. In the 
next section, the energy function and power margins found in [8], [9] and [17] are 
reviewed for background. 
Although the case with losses was p~ally considered in [17], the intent of this 
project is to more fully examine the usefulness of the energy measure in power systems 
with losses. The case with losses is introduced and the energy function is presented. 
The method presented in [9] and [ 17] for dealing with the case with losses is simulated 
on a two-bus system and the results are analyzed. The limitations of the method 
proposed are then examined and a new method is developed to more accurately 
consider the case with losses. Simulation results are shown for two-bus and five-bus 
power systems with losses. Limitations on this method are also discussed. 
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CHAPTER2. 
LITERATURE REVIEW OF ENERGY MEASURES 
2.llntroduction 
Much work has been done in trying to find a useful and accurate measure of the 
proximity of a power system to voltage collapse. One measure that has shown promise 
uses the energy function to quantify the distance between the operable solution and the 
corresponding low voltage solution [9]. This measure has also been shown to be easily 
related to physical quantities within the power system [17]. 
2.2 Energy Functions 
In [9], an energy-based measure is defmed for measuring vulnerability to voltage 
instability. This energy-based security measure is defined as 
where 
(au,Vu) T 
l}(x•,xu)= J [rT(~.v), gT(~.v)] •[d~,dvY 
(a'. v') 
x5 = ( cl' V5) = stable equilibrium point 
xu= (au' vu) =unstable equilibrium point 
fi(a, V) =Pi- l Bijlvillvjlsin(ai -aj) 
j=l 
gi(a, V) = (Vi)-1(Qi + ~Bijlvdlvjlcos(ai -aj)) 
j=l 
V. = voltage magnitude at bus i 
1 
a .. = phase angle difference from bus i to bus j 
~ 
f. (a, V) =real power mismatch equations at bus i 
1 
g. (a, V) =reactive power mismatch equations at 
1 
bus i (scaled by v.-1) 
1 
(2.1) 
(2.2) 
(2.3) 
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The current power system operating point is xs, and xu is an alternative power flow 
solution whic.h is unstable when reasonable system dynamics are considered. Equations 
(2.2) and (2.3) are simply the lossless power balance equations for the system. 
However, note that Equation (2.3) is the reactive power balance equation scaled by 
the voltage magnitude at bus i. This is necessary for use in the energy measure and is 
always valid since the bus voltage magnitudes are always positive, leaving the solution 
to the power balance equations unchanged. . 
This energy function measures the height of the potential barrier between the 
unstable and stable equilibrium points of the lossless system. To help visualize this 
approach, Figure 2.1 shows the solutions of the power flow equations for a two-bus 
system. The general description of this representation is that of an energy well. The 
stable equilibrium point is located at the bottom of the well and the unstable 
equilibrium point is at the boundary of the well (see Figure 2.1). 
Unstable 
Energy Difference 
~-----t 
"Stable 
Point 
FIGURE 2.1 : Potential well and the energy function. 
Generally, the . stable so.lution of the power flow equations has a high voltage 
magnitude. This solution will be referred to as the high voltage solution. In contrast, 
the unstable equilibrium point typically has a low· voltage magnitude and will be 
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referred to as the low voltage solution. The energy function t}(x8 ,xu) is defined as the 
energy difference between these two power flow solutions. 
2.3 Approximate Measures for Maximum Loadability 
In [17], it was shown that the energy measure could be related to the Q-V and P-a 
curves of the power system. The authors considered the case of the lossless two-bus 
power system shown in Figure 2.2. 
X 
FIGURE 2.2: Lossless two-bus power system. 
The power balance equations at bus 2 for this system are 
f(a, V) =It+ B12 Vsin(a) = 0 
g' (a, V) = QL- B22 V2- B12 Vcos(a) = 0 
(2.4) 
(2.5) 
Again, the reactive power balance equation is scaled by the bus 2 voltage magnitude to 
obtain 
g(a, V) = QL- B22 V- B12cos(a) = 0 v 
Evaluating the energy measure integral with respect to a and V yields 
xu(au,Vu) 
t}(x0 ,x8 ) = J [f(a, V), g(a, V)]•[da,dV]T 
x·(a•,v•) _ 
=-_!.B (Vu)2+_!.B (V8 ) 2-B Vucos(au) 2 22 2 22 12 
+B12 Vsc~s(as)+QLln(Vujys)+ PL (au -as) 
(2.6) 
(2.7) 
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Figure 2.3 shows the regions of solvability for this power system when x = 0.1. The 
regions are separated by the surface !, as explained in the first chapter. The contours 
on the graph are lines of constant energy measure; note that the surface !, corresponds 
to an energy measure of 0. 
300 
-
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• ~ 
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j 200 
... 
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'0 
• 0 
-~ 
l 100 
~ 
·ti 
~ 
~ 
0 
0 100 200 300 400 500 600 
Real power load at bus 2 (MW) 
FIGURE 2.3 : Point a : PL = 2.0 and QL = 1.0. 
This result is significant because it says that the value of the energy measure is . 
based solely on the current operating values and their corresponding low voltage 
solutions. Upon determining the low voltage solutions [ 18], the evaluation of the 
energy measure is straightforward." However, the energy measure by itself is not of 
much use to an operator of a power system. There is a need to present this information 
in a way that provides the user with a physical interpretation. This was the result of the 
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work in [ 17]. The authors showed how this quickly calculated energy measure could 
be related to the change in MW, Mvar and MVA necessary to reach l:. 
In [ 17] the authors show that the energy measure can be related to the Q-V .curve 
with a change of scale on the voltage axis. To illustrate this concept, consider the case 
of an increase in reactive load only (i.e., a power factor of 0), that is, moving from 
point a to point c in Figure 2.3. For the development of this relationship, consider the 
following four observations: 
i) The change in QL explicitly and implicitly enters into '6-(x5 ,xu), thus the total 
derivative with respect to reactive load is 
d-6- a-6- a-6- ax u a-6- dX5 
--=--+-------
dQL ()QL dXu ()QL dxs dQL (2.8) 
ii) As noted in the previous chapter, the point of maximum loading is located at 
the bifurcation point where the two solutions coalesce into one point. Since '6-(x5 ,xu) 
is an integration from x5 to xu , its value when x5 = xu must be zero. 
iii) The fundamental theorem of calculus states that when a function is first 
differentiated with respect to one variable and then integrated with respect to the same 
variable, the result is the value of the original function evaluated at the upper limit of 
integration minus the value of the function at the lower limit 
iv) The gradient of '6-(x5 ,xu) with respect to X5 or xu is zero because the resulting 
equations are simply the power balance equations evaluated at that equilibrium point 
Employing these four observations and the fact that the energy function is path 
independent in the case of a lossless system, it ·is shown that the energy measure 
determined at the current operating point is equal to the area of the Q-Ln (V) curve. 
Qmu 
~(x0 (QL0),x5 (QL0 )) = ) [ ln(V5 (QL))-In(V0 (QL))]dQL (2.9) 
Q 0 
L 
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where 
QL0 is the base reactive power level 
xu(QL 0 ) & x5(QL 0 ) are the solutions at QL 0 
QL max is the maximum reactive loadability based 
on only a reactive power load increase (i.e., p.f. = 0) 
This is significant because since the area is already known if the Q-Ln (V) curve 
can be approximated as some known shape, then the value of QL max could be quickly 
determined. Saddle node bifurcation theory predicts that as the bifurcation point (i.e., 
the surface l:) is approached the curve will tend towards parabolic. From numerical 
examples this parabolic approximation is found to be good not only at the bifurcation 
point but also over a wider range of load values (Figure 2.4). 
-~ 
.......... 
_g 
"'Q 
cu 
.E 
-~ 
~ 
& 
1 
~ 
400 
350 
300 
250 
~oad bus voltage angle in radians 
FIGURE 2.4: Q-Ln(V) curve for p.f. = 0 load increase, 
with starting load of 200 MW/100 Mvar. 
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Considering the equation for the area of a parabola, it is easily shown how the 
approximate maximum reactive loadability can be calculated: 
where 
This yields 
parabolic area= 2 *base* height 
3 
2 
energy measure * MV A base =::-*(In (V8 ) -In (Vu) )* Qmax 
3 
Q =:: ~ * energy measure * MV A base 
max 2 . ln(V8 )-ln(V0 ) 
(2.10) 
The authors show how an approximation for the real power maximum loadability 
can be derived in a similar fashion. The resulting equation for the real power margin is 
where 
P =:: ~ * energy measure * MV A base 
max 2 (as-au) 
p = p,Lmax _ pLo max 
using the integral equation 
pmax 
~(x"(PL 0 ),X5 (PL 0 )) = LJ [ a"(PL) -0.5 (PL)]dPL 
po 
L 
(2.11) 
(2.12) 
There are two important points to be made here. First, though the Q-Ln (V) and P-a 
curves are very different, they must both enclose the same area. This is helpful because 
in some cases the P-a curve will prove to be more convenient than the Q-Ln (V) 
curve. Second, the energy measure and thus the approximations of the power margins 
depend only on the current operating points and the corresponding low voltage 
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solutions. This means that the measure is independent of any assumed path from the 
current operating point to :r. 
The final margin developed by the authors is a complex power margin, Smax. It is 
shown that Smax is 
S = ~* energy measure * MV A base 
max 2 pf*(as -au)+J1-(pf)2*(ln(Vs)-ln(Vu)) 
(2.13) 
The results obtained by using these powe~ margins in the case of a lossless two-bus 
power system can be quite good. Table 2.1 shows the results of using the energy 
measure at various points of loading in a system with a power factor of 0 and a base 
loading of200 MW and 0 Mvar. 
TABLE 2.1 : Estimated vs. actual reactive margin (x = 0.1 ). 
Mvarload at Energy Reactive Power Margin 
bus 2 Measure (Mvar) 
Estimated Actual 
0 2.264 216.8 210.0 
50 1.515 160.4 160.0 
100 0.861 108.9 110.0 
150 0.343 59.4 60.0 
200 0.023 10.0 10.0 
210 0.000 . 0.0 0.0 
The results obtained are fairly good for values of loading far from the point of 
voltage collapse, and improve as the point of maximum loadability is reached. It is 
important to note that as the point of bifurcation is approached, the power estimates 
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become exact since the curve does indeed become parabolic, as predicted by saddle 
node bifurcation theory. Figure 2.5 shows the results of using the real power margin 
for the same system (load increase with a power factor of 1) from an initial loading of 
200 MW and 100 Mvar. Similarly, Figure 2.6 shows that the approximation of the 
complex power margin improves with a real and reactive power load increase (p.f. = 
0.894 lagging). 
500 
400 
e= 300 ·~ 
~ 
e 
~ 200 
100 
0 
0 
-Actual MW margin 
*Estimated MW margin 
I ' I I 
--······-l·-------- ~ ---- -- T . --- ··r··--···· -
I 
! ' ----~---·--·~--· : 
I i l I ·----t---·~--t-·--··~~ -----1 
i ' ' ' 
i 
100 200 300 400 500 
MW load 
FIGURE 2.5 : Actual vs. estimated real power (P max) margins. 
Overall, this energy method seems to work very well. From numerical examples it 
is clear that the curves do become parabolic as the point of maximum loadability is 
reached. However, some problems have been identified with this approach [17]. For 
example, as shown in Figure 2. 7, if the loading on the system is light or if the base 
power levels are unrealistic, the P-a. curve will trace out a shape unlike a parabola 
over the entire range of possible loadings. 
350 ~--~--~--~------~--~--~ 
-Actual MY A margin 
*Estimated MV A margin 
I 
! 50 ------------ __________ _.________ ----
! 
0 ~~~~~~~~~~~~~~~ 
0 50 100 150 200 250 300 350 
MVA load 
FIGURE 2.6 : Actual vs. estimated Smax for power factor of 0.894. 
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t 
& 
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~ 
0 
0 -0.25 -0.5 -0.15 -1 
Load bus voltage angle in radians 
FIGURE 2. 7 : Real power vs. load bus voltage angle in radians. 
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It is clear from Figure 2. 7 that if the current level of loading is around 50 MW, the 
curve is no longer well-approximated as parabolic; the resulting power margin will be 
too large, rendering the interpretation of the measure useless. However, it can also be 
argued that there would be little concern about the proximity to voltage collapse on 
such a lightly loaded system. 
The measure that is derived in [9] and then applied ,in [ 17] is useful in some cases 
in a lossless system. The accuracy of the measure depends on the shape of either the 
Q-Ln (V) or the P-a curve. If the curve can be accurately approximated as a parabola, 
then the measure will give an efficient method of calculating the vulnerability of a 
power system to voltage instability. Although the energy measure has been shown to 
be useful in the lossless case, it is important to examine the accuracy of this approach 
for power systems which include transfer conductances. Since all real systems contain 
losses, it is necessary to establish the validity of this method in these cases if this 
measure is to be used in an operational environment 
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CHAPTER3. 
ENERGY MEASURES IN THE CASE WITH LOSSES 
3.1 Introduction 
In [ 17], the authors also showed that the energy measure initially developed for the 
case without losses is also useful when transfer conductances are included. However, 
the inclusion of losses creates problems with the integration of the power balance 
equations due to the introduction of path-dependent integrals. Two methods of 
approximation are introduced to try and deal with this difficulty. 
3.2 Energy Function in the Case with Losses 
The development of the relationship of the energy measure to the areas of the Q-
Ln(V) and P-a curves was done using a lossless two-bus system. In reality, power 
systems contain losses which must be included in the power balance equations. With 
the inclusion of the transfer conductance terms, the power balance equations for a 
general n bus system become 
fu(a, V) = P.- ~ B .. ,V.,,V.,sin(a. -a.)- i: G .. ,v.llv·lcos(a. -a.) (3.1) 1 ~ IJ 1 J 1 J 1J 1 J 1 J 
j=l j=l 
g'u (a, V) = Q. + ~ B .. lv·llv·lcos(a. -a.)- i: G .. lv·llv·lsin(a. -a.) (3.2) 1 ~ IJ 1 J 1 J 1J 1 J 1 J 
j=l j=l 
Again, the reactive power balance equation is scaled by (Vi)-1 for use in the energy 
function. 
gLi(a, V) = (V.)-1[Q. + ~ B .. ,v.llv.,cos(a. -a.)- i: G .. lv·llv·lsin(a. -a.)] (3.3) 1 1 ~ 1J 1 J 1 J lJ 1 J 1 J 
j=l j=l 
Using the definition of the energy function in [9], the power balance equations are 
integrated with respect to a and V from xs to xu. The resulting equation is the energy 
measure for then-bus system. 
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1 n n 
l'}L (xu ,x•) =- 2 L L Bijlvtllv/lcos(aiu -aiu) 
i=lj=l 
1 n n 
+- L L B .. lv.sllv.slcos(a.s -a.s) 2 1J 1 J 1 J 
i=lj=l 
-(i;1Qim(~ ))-pT •(au-a•) 
-i;J !~ j ~ 
1 
Gijlvillvjlcos(xi -xj)dx J 
(3.4} ·-
Note that while the frrst four terms of the energy function can be expressed in 
closed form, the last two integral terms are path-dependent integrals. These terms are 
due to the transfer conductance terms in the power balance equations. Since the 
integrals are path dependent, no easy solution is found for the general n-bus case. This 
clearly poses a problem for the use of energy measures in the case with losses because 
the usefulness of the measure developed in [ 17] depends greatly on the ability to 
quickly calculate the value of the energy measure. To make the integral path 
independent, it is necessary to see if these terms can be approximated in some way. 
Then it can be detennined if the resulting energy measure gives an accurate 
approximation of the maximum loadability of the power system. 
3.3 Constant Approximation of the Transfer Conductance Terms 
One method suggested ·in [9] is to replace the transfer conductance terms in 
Equations (3.1) and (3.2) with terms which are constant. These constants are simply 
the transfer conductance terms evaluated at the high voltage solution. 
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fLi(a, V) = P.- ± B .. lv·llv·lsin(a. -a.)-± G .. slv.sllv.slcos(a.s -a.5 ) 
1 1J 1 J 1 J 1J 1 J 1 J 
(3.5) 
j=1 - j=1 
gLi(a, V) = (V.)-1[Q. + ± B .. lv·llv·lcos(a. -a.)] 1 1 lJ 1 J 1 J j=1 (3.6) 
-(W)-1[~Giilvi·~vllsin(ai• -aj')l 
r-1 
At the stable equilibrium point these modified power balance equations are identically 
zero; however, at all other points, this is not necessarily the case. Despite this fact, the 
approximation is useful because it will remove problems introduced by the transfer 
conductance terms. 
Using this approximation of the transfer conductance yields an exactly integrable 
vector function because the path-dependent integral becomes simply an integration of 
a constant. The resulting energy measure is 
'~'\ (x•, xu) = - ~ i i Biilvi ullvtlcos( IX; u - ai u) 
i=1j=1 
+_!_ ± ± B .. lv·sly·slcos(a. s- a.s) 2 1J 1 J 1 J 
(3.7) 
i=1j=1 
i = 1 
-± ( i G ··IV. sly·slcos( a. s- a.s)( a. u- a. s)) 
1J 1 J 1 J 1 1 
i=1 j=1 
- ~ [(Y.s)-1 ± G .. lv.sllv·slsin(a.s-a.s)(V.u- v .s)] ~ 1 1J 1 J 1 J 1 1 
i.=1 j=1 
With the removal of the path-dependent terms, the value of the energy measure can be 
quickly calculated once the appropriate low voltage solution is found. 
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To examine how well this approximation works, consider the two-bus power 
system with losses shown in Figure 3.1. 
r, x 
FIGURE 3.1 : Two-bus power system with losses. 
The power balance equations at bus 2 are approximated as 
where 
2 
fL (a, V) = PL + B12 Vsina+G12 V
5
cosa
5 +G22 ys 
g' L (a, V) = QL- B22 V
2
- B12 Vcosa+ G12 V
5
sina5 
V is the voltage magnitude at the load bus 
a is the voltage angle at the load bus 
(3.8) 
(3.9) 
Once again the reactive power balance equation has to be scaled by the bus voltage 
magnitude. In [9] the authors chose to scale the constant approximation of the 
conductance term by (Vis)-1, and that suggestion is followed for this discussion. 
(3.10) 
As shown previously, the resulting energy measure is not path dependent and can 
be easily found knowing only the current operating point and the corresponding low 
voltage solutions. To solve for the real, reactive and complex power margins, the same 
relationships shown in the previous chapter are now used in the case with losses. 
Using the two-bus system introduced above, simulations were performed for 
varying r/x ratios to test the accuracy of this approximation. Figure 3.2 shows a plot of 
the actual and estimated real power margins for a real power increase on a system with 
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a transmission ratio of r/x = 0.02/0.10 and a reactive load of 0 Mvar. Figure 3.3 shows 
the real power margins (actual vs. estimated) for the same system but for the case of 
r/x = 0.05/0.10. It is clear that the estimated margins are not conservative, even for 
low transmission ratios, and become more nonconservative as the ratio increases. The 
authors of [17] used this approximation on a 118-bus and a 415-bus system with 
similar results. 
A possible modification to this constant approximation is to use the actual bus 
voltage magnitude when scaling the conductarice term of the reactive power balance 
equation. The scaled power balance equation becomes 
-~ - G ys . s gL (a, V) - + B22 V B12cosa. + 12 sm a v v 
500 
400 
·~ 300 
"" e
~ 200 
100 
0 
0 100 200 
-Actual MW margin 
*Estimated MW margin 
300 400 
MWload 
(3.11) 
500 
FIGURE 3.2: Estimated and actual real power margins for 0 Mvar, p.f.=1 and 
r/x=0.02/0.10. 
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FIGURE 3.3 : Estimated and actual real power margins for 0 Mvar, p.f.=1 and 
r/x=O.OS/0.10. 
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The approximation is now multiplied by Ln(VuNs) instead of (Vu-V5) in the energy 
measure, which does not dramatically increase the calculation required to compute its 
value for use in the power margin equations. Examples of using this approximation are 
shown in Table 3.1. From the table it is evident that this method can give better results 
than the previous approximation. It also appears that this method will be conservative 
throughout the range of loadings whereas the frrst method (scaling by ys-1) will not. 
Unfortunately, this does not hold true for all systems. Table 3.2 shows a possible 
transmission ratio and range of loadings which yield nonconservative results for both 
methods. It has also been found that in some cases this method will give worse 
margins than the frrst method (see Table 3.3), thus scaling by y-1 does not gain 
anything. 
Overall, both .methods have been found to give estimated power margins which are 
not necessarily conservative. One other problem with this approximation can be seen 
from Table 3.2. As the point of bifurcation is reached, the estimate is no longer exact 
22 
as it was in the case without losses. In the case without losses, the energy measure was 
exactly the area enclosed by either the P-a curve or by the Q-Ln(V) curve. Since the 
margin is no longer exact at the bifurcation point, this means that the energy measure 
is not necessarily equal to the area of these curves. Because of this fact, approximating 
the conductance terms as a constant will not achieve the accuracy needed for an 
operational environment 
TABLE 3.1 : Comparison of two methods for approximating the 
transfer conductance terms. 
Method 1 refers to scaling by (V8)-1 
Method 2 refers to scaling by (V)-1 
Results for real power load at bus 2 of 100 MW 
x = 0.15 and r = 0.1. 
Reactive Energy Energy Estimated Estimated 
Power Measure Measure MVAR MVAR 
Injection Method 1 Method 2 Margin Margin 
Method 1 Method 2 
0 0.8559 0.5452 89.5 57 
-25 0.5867 0.3699 68.3 43.1 
-50 0.3295 0.205 46.8 29.1 
-75 0.1186 0.0701 24.5 14.5 
-89 0.0343 0.0177 11.4 5.9 
-90 0.0296 0.0149 10.4 5.2 
-91 0.025 0.0123 9.4 4.6 
-92 0.0207 0.0098 8.4 4 
-93 0.0166 0.0075 7.3 3.3 
-94 0.0127 0.0055 6.3 2.7 
-95 0.0091 0.0037 5.2 2.1 
-96 0.0058 0.0021 4 1.4 
-97 0.0029 0.0008 2.7 0.8 
-98 0.0004 0.0001 0.9 0.1 
Actual 
MVAR 
Margin 
98.2 
73.2 
48.2 
23.2 
9.2 
8.2 
7.2 
6.2 
5.2 
4.2 
3.2 
2.2 
1.2 
0.2 
TABLE 3.2: Comparison of two methods for approximating the 
transfer conductance terms : Case of non-
conservative results for method 2. 
Method 1 refers to scaling by (vsyt 
Method 2 refers to scaling by (V)-1 
Results for reactive power load at bus 2 of 100 MV AR and x = 0.1. 
Real Energy Energy Estimated Estimated Actual 
r Power Measure Measure MW MW MW 
Injection Method 1 Method 2 Margin Margin Margin 
Method 1 Method 2 
0.0 -110 1.427 1.427 367.9 367.9 277.3 
-125 1.3375 1.3375 329.1 329.1 262.3 
-150 1.1813 1.1813 278.5 278.5 237.3 
-175 1.021 1.021 238 238 212.3 
-200 0.8609 0.8609 203.3 203.3 187.3 
~225 0.7045 0.7045 172.1 172.1 162.3 
-300 0.2867 0.2867 89 89 87.3 
-350 0.0812 0.0812 37.5 37.5 37.3 
-375 0.0155 0.0155 12.3 12.3 12.3 
0.05 -110 0.775 0.6271 528.3 427.4 123 
-125 0.6816 0.521 422.1 322.7 108 
-150 0.5171 0.3554 303.3 208.4 83 
-175 0.3491 0.2094 215.9 129.5 58 
-200 0.1859 0.0905 139.2 67.7 33 
-225 0.0389 0.0109 55.2 15.4 8 
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TABLE 3.3 : Comparison of two methods for approximating 
the transfer conductance terms : Case of method 1 
yielding better margins. 
Method 1 refers to scaling by (V5)-1 
Method 2 refers to scaling by (V)-1 
Results for real power load at bus 2 of 200 MW 
x = 0.05 and r = 0.05. 
Reactive Energy Energy Estimated Estimated 
Power Measure Measure MVAR MVAR 
Injection Method 1 Method 2 Margin Margin 
Method 1 Method 2 
0.05 0 2.3667 1.484 208.8 130.9 
-50 1.7853 1.1851 167.6 111.2 
-75 1.4925 1.0298 147.1 101.5 
-200 0.3112 0.3112 48.5 48.5 
-250 0.0609 0.1033 14.2 24 
-275 0.0017 0.0313 0.6 11 
24 
Actual 
MVAR 
Margin 
295.4 
245.4 
220.4 
95.4 
45.4 
20.4 
CHAPfER4. 
PATH APPROXIMATION IN THE ENERGY FUNCTION 
FOR THE CASE WITH LOSSES 
4.1 Introduction 
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In the previous chapter, the case of a power system with losses was introduced in 
regards to developing an accurate approximate measure for the maximum real, 
reactive, and complex power loadability. The problem of the path-dependent integrals 
in the evaluation of the energy measures was discussed, and an approximation for the 
transfer conductance terms was applied. However, the approximation was found to be 
nonconservative in most cases. The reasons for the poor performance of this 
approximation and a new approximation are discussed in this chapter. 
4.2 Inexactness of the Constant Approximation 
As the previous chapter showed, the use of a constant approximation for the 
conductance terms will not result in good approximations of the actual power margins. 
The problem with the constant approximation can be seen in the following illustration 
of a two-bus power system with losses. First, to facilitate the observation of the effects 
of the conductance terms and subsequent development of a new approximation, it is 
necessary to define the power balance equations as the sum of the lossless power 
balance equations and terms Gp and GQ, which depend upon the system 
conductances[15]: 
fL (a, V) = f(a, V)+Gp(a, V) = 0 
g' L (a~ V) = g' (a, V)+GQ(a, V) = 0 
where 
(4.1) 
(4.2) 
(4.3) 
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(4.4) 
Again, we scale the reactive power balance equation by the bus voltage magnitude to 
arrive at 
(4.5) 
Substituting the rewritten power balance equations into the original energy function, 
the energy function becomes 
x· = (a•, v•) [da] ~L (xu ,x5 ) = J [f(a, V)+Gp(a, V) g(a, V)+GQ(a, V)!V]• 
• I I dV 
x =(a. V) 
(4.6) 
which can then be rewritten as 
(4.7) 
au vu 
=~(xu ,x5 )+ J Gp(a, V)da+ J GQ(a, V)/V dV 
I 
a vi 
The resulting energy measure is then the sum of the energy measure found for the 
lossless case plus the areas enclosed by the Gp and GcjV terms. Note that the 
conductance terms are still path-dependent integrals. 
In Chapter 3, the terms Gp and GQ were approximated as constants. However, to 
illustrate the problems with this constant approximation, consider the two-bus system 
with a transmission ratio of r/x = 0.05/0.10 and an initial power level of 200 MW and 
0 Mvar. H only the real power load is increased linearly, the Gp and GQ terms will 
trace out a path as shown ~ Figures 4.1 and 4.2. As can be seen from these figures, 
the problem with the constant approximation arises from the fact that along the 
integration path these conductance terms are not constant. When the energy function 
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is evaluated, the resulting area under the constant approximation is less than the area 
actually enclosed as shown in Figures 4.1 and 4.3. (Note that from Equation ( 4. 7) the 
area under the Gd'/-V curve will be negative because of the path of integration, from 
the stable to the unstable solution, while the area under the Gp-a curve will be 
positive.) This missing area is the cause of the inexactness of the constant 
approximation. Therefore, to calculate the energy measure more accurately, it is 
necessary to better approximate the area under the Gp-a and Gd'/-V curves. The 
method which is proposed here is to use an analytic approximation of the path of the 
conductance terms, which is then easily integrable. 
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4.3 Path Approximation 
Since the energy measure in the case with losses is simply the lossless energy 
measure plus the areas under the Gp-a and GcfV-V curves, one method to accurately 
find this area is to calculate the conductance terms during a series of power flow 
solutions, and then integrate along the path using some numerical analysis formula 
such as the trapezoidal rule. Qearly, this would result in a more exact estimate of the 
area, and thus should yield much better results when calculating the maximum 
loadability. However, this approach has two serious shortcomings. First, the usefulness 
of the energy method is that it can give a quick, efficient measure for the power 
system. By adding the requirement that a power flow be performed, there is no longer 
any advantage in using the energy method. The time required to perform just the load 
flow itself prohibits this approach from being useful. The second shortcoming follows 
from the first. Even if the evaluation of the power flow were the only way to approach 
this problem, the additional requirement of numerical integration adds too much 
computation for no resultant benefit since the full power flow itself has the answer 
being sought. Since· the maximum loadability could be found using just the power 
flow, there would be no need to use energy methods to solve this problem. It is clear, 
then, that if the energy methods are going to be found useful in the case with losses, 
the necessary approach is to approximate the path along which the conductance terms 
move. If the path can be approximated by a known function, then the area under the 
curve could be easily calculated. 
To better understand the paths taken by the Gp and GcfV terms, consider a two-
bus power system with an r/x ratio of 0.05/0.10 and an initial loading of 200 MW and 
0 Mvar. The conductances terms are plotted in Figures 4.4 and 4.5 for different levels 
of load participation over a large range of loading participation factors. The path 
dependence of the conductance terms is clearly seen in these figures. 
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From these figures, it appears that the path taken by the Gp(a,V)and GQ(a,V)N 
terms are quadratic in nature. If this is the case, it then follows that the area, which is 
the desired quantity, could be easily obtained. To approximate the paths by a quadratic 
function, it is first assumed that Gp( a, V) can be approximated as a function of a 
alone, Gp( a). Similarly, it is also assumed that GQ( a, V)N can be approximated simply 
as a function . of V, GQ(V)N. From these assumptions, the quadratic approximations 
for the Gp and GrfV terms are 
Gp(a, V) = Gp(a) = apa2 + bpa+cp (4.8) 
Gq~·V) = GQ~V) =aQV2+bQV+cQ (4.9) 
Since the points xs and xu are known, the coefficients for Equations (4.8) and (4.9) can 
be found by knowing either the slope at one of the points (e.g., dGp(a,V)/da) or 
another point along the curve. The method developed here will use the slope at one of 
the equilibrium points. 
Calculating the slopes for these points is not too difficult Using dGp(a,V)/da as 
an example, frrst note that the parameter a appears both explicitly and implicitly in the 
Gp(a,V) term. The explicit dependence of Gp on a is obvious from Equation (4.3). 
The implicit dependence arises from the variation in V as a changes. The derivative 
then is 
dGr(a, V) = aGp(a, V) + aGr(a, V) av 
da aa av aa 
(4.10) . 
The first two terms are easily calculated from Equation (4.3) 
(4.11) 
(4.12) 
The third term, av ;a a' is more difficult to calculate because it depends on the 
path of integration. As was shown in Figures 4.4 and 4.5, the integration path is, in 
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turn, dependent upon the relative load participation. This term can be calculated by 
first determining the sensitivities of V and a to changes in the power injections using 
the power flow Jacobian 
[ 
. 1 
A dfL(a, V) dfL(a, V) -
ua - da av ~p [.W]- OgL (a., V) Ogd a, V) l [ AQ] 
aa av 
(4.13) 
and then setting av fda = ~ V . Calculation of d(GQ( a, V)N)/dV is similar and uses the 
~a 
av /da term previously found. 
_G~g_( a_,_V_) = G12sin a 
v 
dGg(a, V) = d(G12sina) + dG12sina da 
dV av aa av 
(4.14) 
(4.15) 
Since the coefficients of the quadratic equation can be found by knowing just two 
points and one slope, this method will use only the slope at the high voltage solution. 
This choice is preferred because the high voltage side of the Gp and GcjV curves has 
been found in numerical examples to be, in general, more closely approximated as 
quadratic over a wide range of system configurations. The coefficients can be 
determined as follows: 
a - [Gp(a.•' v•) -Gp(a.u' Vu)+(a.• -au) dGp~~· v•) l 
P- (as)2 -(au)2+ 2as(as -au) 
(4.16) 
dGp s bp =---2apa 
da 
(4.17) 
(4.18) 
and ~' bQ, and cQ are determined similarly from vs, vu, GQ(x5)N5 , GQ(xu)Nu, and 
the slope at GQ(x5)/V5 • 
Now that the paths of the conductance terms have been approximated, the areas 
under the curves can be calculated 
au 
area under Gp- a = J [ apx2 + bpx + cp ]dx 
a• 
and 
vu 
area under GQ/V- V = J [~x2 +bQx+cQ}tx 
v• 
which yields an approximated energy measure of 
~"'~+a; [<a")3 -(a')3]+ b; [<a")2 -(a')2]+cp[a• -a'] 
+~[<V")3 -(V')3]+~[<V")2 -(V')2]+cQ[v•- v•] 
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(4.19) 
(4.20) 
(4.21) 
The approximated energy measure can then be used to determine the estimated power 
margins using Equation (2.13) and 
P max = Smax *power factor 
Qmax = Smax*sin(cos-1(power factor)) 
(4.22) 
(4.23) 
To illustrate how well this method can approximate the maximum loadability of a 
power system, consider the case of an initial loading of 200 MW and 0 Mvar and only 
a real power load increase. Using these approximations, the estimated maximum 
loadability is 301.6 MW and 0 Mvar compared to an actual maximum of 309.3 MW 
and 0 Mvar. This estimate has only a 2.5% error because the paths taken by the Gp 
and GcjV terms ~ well-approximated by a quadratic function. 
Unfortunately, the paths taken by these terms are not always best-approximated as 
a quadratic function, as can be seen in Figure 4.4 for the case of only a reactive power 
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load increase. In fact, in some cases, trying to use the slopes will give very poor 
approximations of the path. An example of this case is a two-bus power system with 
an r/x ratio of 0.05/0.10 and an initial loading of 25 MW and 5 Mvar. Figure 4.6 
shows the path taken by the Gp term for a load participation factor of 0.5. Oearly, a 
quadratic approximation of the path using as, au, and dGp(x5)/da will not yield the 
path shown in Figure 4.6. 
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FIGURE 4.6: Gp-a for r/x = 0.05/0.10 and an initial loading 
of 25 MW and 5 Mvar (p.f.=0.5). 
In fact, the power margins do not work well in this case at all. The P-a curve for 
this system is shown in Figure 4. 7. It is clear that at the current operating point the 
curve will not be well-approximated by a parabola, whereas the interpretation of the 
energy measure used the assumption that the curves (i.e., P-a and Q-In(V) ) will be 
parabolic [16]. However, note that as the bifurcation point is reached, the Gp curve is 
indeed well-approximated as a quadratic function (Figure 4.6), as is the P-a curve by a 
parabola (Figure 4.7). 
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FIGURE 4. 7 : P-a curve for an initial loading of 25 MW and 5 Mvar (p.f.=0.5). 
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This is a significant point because it means that if it were possible to move closer 
to the bifurcation point by increasing the load, energy methods could then be applied 
to accurately approximate the maximum loadability of the system. Obviously, the load 
could be incremented slowly, as in a series of power flow solutions, or larger jumps 
could be taken, backing down only when no solution is found. These methods, 
however, are too haphazardous and inefficient to be truly useful. The need, then, is to 
intelligently increase the load to a new operating point (i.e., in the compute~ program) 
which will, hopefully, give better conditions for applying the energy measure. There is 
also a need to determine when a better operating point is desired. The method 
proposed here is that a new load level is desired when either the slopes of the P-a or 
the Gp-a curve are diverging, or, in the case in which the slopes are not diverging, the 
difference of the absolute values of the slopes are not less than some tolerance. The 
tolerance would determine if the curve is close enough to parabolic to give a good 
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approximation. These conditions could be used to determine whether or not a new 
load level is desired. 
4.4 Load Stepping 
One method for intelligently determining a new operating level is the energy 
measure itself. Since the energy measure is equal to the area under the P-a and Q-
ln(V) curves, it is found that if the curve is a parabola, then the height of the parabola 
equals the maximum real or reactive power load for the system. If an estimate of the 
area is used, as in the case with losses, then the height of the parabola is the estimated 
maximum loadability. If the curve is truly parabolic, then an overestimate of the area -
will yield a nonconservative power margin, while an underestimate will give a 
conservative result. The method for increasing the loading developed here uses the 
energy measure to find a conservative power margin which, in turn, should give a load 
level which is closer to the bifurcation point. 
The first problem, however, is determining whether or not the energy measure will 
give a conservative estimate. To illustrate this problem, consider again the case which 
produced Figures 4.1 and 4.3, and Equation ( 4. 7) (reproduced here to facilitate the 
discussion). 
au vu 
~L (xu ,x8 ) =~(xu ,x8 )+ J Gp(a, V)da+ J GQ(a, V)/V dV 
• a 
As noted earlier, ~L is the sum of the lossless energy measure and the areas under the 
Gp-a and GcfV-V curves. The energy measure, ~L, will be greater than zero for any 
operating point away from the surface l: and will be zero only at the bifurcation point. 
This follows from the fact that at the bifurcation point there is no energy difference 
between the stable and unstable solutions because they have coalesced into one point 
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, From numerical examples it appears that the sign of the integration of the Gp term 
will be positive and the sign of the integration of the GcfV term will be negative. If 
this is the case, then the following inequalities describe the terms which make up '(}L 
(4.24) 
The value of '6 will be the same whether or not an approximation of the path-
dependent integrals is used. Thus, the important parts of '(}L, as far as this discussion is 
concerned, are the integration terms. In the constant approximation (Figures 4.1 and 
4.3), notice that the area missed by the approximation of Gp is not as large as the area 
missed in the approximation of the GcfV-V curve. If it were possible to tell what the 
sum of the approximated areas would be in relation to the actual area (i.e., larger or 
smaller), then it might be possible to determine whether or not the power margin was 
conservative. Unfortunately, in the case of the constant approximation, this is not 
possible due to the sign of the inequalities. 
au 
approximated area under Gp -a curve S J Gp da (4.25) 
G vuG 
approximated area under ~- V curve ~ J ~ dV 
V ya V 
(4.26) 
such that 
? au vu G 
Lapproximated areas ~ J Gp da+ J ~dV 
- aa . v· v 
(4.27) 
H, somehow, one of the inequalities were reversed, then it would be possible to know 
the relation of the actual area to the approximated area (i.e., over- or underestimate). 
Recall that the goal is a conservative estimate of the power margin which is a 
result of an underestimate of the actual energy measure. Since the constant 
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approximation yields an underestimate of the actual area of the Gp-a. curve, this 
approach will keep the constant approximation for the real power balance equation, fi. 
The absolute value of the approximated area under the GrfV-V curve, on the other 
hand, is actually an underestimate of the absolute value of the actual area. Since this 
area is negative by the integration path, if the absolute value of this area can be 
"overestimated," then the following inequality will be true: 
yuG G 
J ~dV ~approximated area under the~- V curve 
v· V V 
(4.28) 
Since Equation ( 4.25) still holds, the resulting sum of the approximated areas is 
au vu G . J Gp da.+ J ~dV ~I, approXImated areas 
a• v• V 
(4.29) 
which means that the approximated energy measure is now 
au vu G 
'6L = -6 + J Gp da. + J ~ dV ~ approximated '6L 
a• v• V 
(4.30) 
This, then, will give a conservative power margin as the new load level. The issue now 
is how to approximate the GQ N-V curve to give this desired result. 
It has been found, through numerical examples, that a quadratic approximation of 
the path of the GrJV-V term will yield either an "overestimate" of the area or one that 
is very close to exact, both of which will give the desired result. The approximation as 
a quadratic is quite straightforward; all that is needed is two points and a slope at one 
of those points. For this discussion, the points are defined as 
(4.3la) 
and the slope, which is taken at (a,b), is found as shown in Equation (4.15). 
Using the equation of a quadratic, the coefficients can be easily found 
y=Ax2 +Bx+c 
b-d+(c-a) d(GQ/V) 
A = ---:--=----~d.a..V~..-_ 
a2 -c2 +2a(c-a) 
d(oQ;v) · 
B -2Aa 
dV 
C=b-Aa2 -Ba 
which means that the area can be easily calculated 
yu 
area= J [Ax2 + Bx +C]dx 
v• 
The energy measure is then approximated as 
~L = ~ + (G12 V5cosas + G22(V5) 2)( au- as) 
+ ~ [(Vu)3- (Vs)3]+ ~ [(Vu)2 - (Vs)2]+ c[vu - v•] 
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(4.3lb) 
(4.32) 
(4.33) 
(4.34) 
(4.35) 
(4.36) 
(4.37) 
and should yield a conservative power margin. From numerical examples, it was found 
that the complex power margin equation (Equation (2.13)) gives consistently 
conservative results over a wide range of loads. Using Equation (2.13), the new real 
and reactive power levels can be detennined from 
P max = Smax *power factor 
Qmax = Smax*sin(cos-1(power factor)) 
(4.38) 
(4.39) 
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Several examples of this method for intelligently moving to a new power level 
show the usefulness of this technique. First, consider a two-bus power system with an 
r/x ratio of 0.05/0.10 and an initial loading of 200 MW and 0 Mvar. As the system 
undergoes a real power load increase, the resulting P-a curve will be as shown in 
Figure 4.8. Using this new method, the new power levels were determined to be 280.7 
MW and 0.0 Mvar, as can be seen in Figure 4.8. Oearly this new power level is below 
the point of maximum loadability and is closer to the bifurcation point. This new 
I 
power level should yield more accurate results for the path approximation developed 
in Section 4.3. 
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FIGURE 4.8 : Load stepping for an initial load of 200 MW and 0 Mvar. 
Another more difficult example is the case of an initial loading of 25 MW and 5 
Mvar and a power factor of 0.5. Figure 4.9 shows the P-a curve and Figure 4.10 
41 
shows the Q-ln(V) curve for the initial loading and subsequent load increase. The new 
power levels determined by this technique are 73.3 MW and 95.5 Mvar, which, as 
Figures 4. 9 and 4.10 show, are much closer to the bifurcation point. A final example is 
the same system as the previous example but with a real power load increase. The P-a 
curve now follows a path as shown in Figure 4.11. This is the case which was 
mentioned earlier because the Gp term will not be well-approximated as a quadratic 
(see Figure 4.6). However, this technique will determine a new loading level which 
will not only be below the bifurcation point but also above the section of the Gp-a 
curve which is difficult to approximate. Figures 4.12 and 4.13 show, respectively, the 
P-a and Gp-a curves for the loading level determined by this technique. 10early, this 
new level is much better approximated as a quadratic. 
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FIGURE.4.9: New power level for P-a curve with an initial loading of 
25 MW and 5 Mvar and p.f. = 0.5. 
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One final note here -- there are possible cases in which the new power level will 
still not yield a good point at which to apply the path approximation developed earlier. 
In this case, it may be necessary to further increase the load to obtain another new 
point at which to try the approximation. 
4.5 Method Implementation 
The algorithm of the method developed here then is 
0) Store initial loading as Pini1=PL and Qinit=QL. 
1) Find the corresponding low voltage solution. 
2) Find the slopes at Gp(as,vs), Gp(au,vu), GQ(as,vs)/ ys and GQ(au,vu)/ vu. 
3) Check to see if the slopes are diverging. 
a) if yes, move on to step 4. 
b) if no, check to see if the slopes are close to parabolic. 
(e.g., [abtG;~x•) )-ab{dG;:u) ]~ E J 
i) if yes, skip to step 7. 
ii) if no, move on to step 4. 
4) Calculate A, B, and C and evaluate Equation (4.36). 
5) Evaluate Equations (4.37), (2.13), (4.38) and (4.39). 
6) Solve power flow for this new operating point and go back to step 1. 
7) Solve for ap, bp, cp, ~' bQ and cQ and evaluate Equations ( 4.19) and ( 4.20). 
8) Evaluate Equations (4.21), (2.13), (4.22) and (4.23). 
This method for approximating the maximum loadability of a power system was 
tested at various power levels on a two-bus system with losses. Table 4.1 shows some 
of the results obtained using this method for power systems with an r/x ratio of 
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0.05/0.01. For these results, the only criterion used was that, starting at the initial 
power level, one step would be taken towards the bifurcation point and then the 
energy measures would be applied to approximate the maximum loadability. As can be 
seen from Table 4.1, the results obtained in the two-bus system are very good. To see 
how much better this new method is in relation to the path approximation without load 
stepping, compare the results obtained for an initial loading of 200 MW and 0 Mvar 
which those mentioned earlier. The path approximation gave an estimated maximum 
power margin of only 301.6 MW while the combined method of load stepping and 
path approximation yields an estimate of 308.2. This latter estimate has only a 0.36% 
error compared to a 2.5% error for the former. Clearly load stepping will yield a better 
position from which the path approximation can be applied. Table 4.2 shows the 
results for this method when an r/x ratio of 0.02/0.10 is used in a two-bus system. It is 
clear that this method gives an good approximation of the maximum loadability of a 
two-bus system. 
This method was also tested on the five-bus power system presented in [ 19]. 
Table 4.3 shows the results of using this method to estimate the MV A margin at bus 5 
for a real power load increase only at bus 5. It is clear from the table that the results 
obtained are fairly good throughout the range of loadings. 
However, there are limitations with this method. The first is due to the. 
interpretation of the energy . measure as developed in [ 17]. In [ 17], the authors 
approximated the P-a and Q-ln(V) curves as parabolic. H this condition does not hold, 
it is possible that even a conservative estimate of the area may not yield a new load 
level which is below the bifurcation point. Another potential problem with this method 
is that it requires a negative Gp term while the Gc:fV-V term must be positive. It is 
possible that these assumptions may not hold in every case, which may mean that this 
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method ~ould not produce results as good those shown here. One approach to 
address this potential problem is to try to determine the resulting sign of the 
integration from the value of t~e high and low voltage solutions, the value of the 
conductance terms at the high and low solutions and the slope of the terms at the high 
voltage solution. From these values, it should be possible to correctly determine how 
to approximate the areas under these terms such that the resulting energy measure is 
conservative. This energy measure should then yield a conservative estimate of the 
maximum loadability for use in load stepping. 
TABLE 4.1 : Comparison of estimated and actual maximum loadabilities 
' using the new method for a two-bus power system with 
r = 0.05 and x = 0.10. 
Initial Loading Power New Load Level Estimated Actual 
P, Q, Factor Pn~w <&w Pm~T Qm~T Pmn Qmax 
25 5 0.5 77.3 95.5 126.1 180.1 128.7 184.6 
100 50 0.9 197.5 97.2 223.2 109.7 223.9 110.0 
200 0 1.0 280.7 0.0 308.2 0.0 309.3 0.0 
200 100 1.0 228.7 100.0 232.8 100.0 233.3 100.0 
200 100 0.5 . 209.7 116.8 212.1 121.0 212.2 121.1 
TABL~ 4.2 : Comparison of estimated and actual maximum loadabilities 
using the new method for a two-bus power system with 
r = 0.02 and x = 0.10. 
Initial Loading Power New Load Level Estimated Actual 
P, 
100 
100 
100 
200 
Q, Factor PnPw QnPw Prnl'IT Qmax Pmax 
50 0.9 248.0 121.7 273.6 134.1 274.0 
50 0.5 165.1 162.8 182.2 192.4 182.7 
50 0.1 113.8 187.0 117.3 222.4 117.2 
0 0.5 263.0 109.1 276.5 132.5 276.5 
TABLE 4.3 : Comparison of estimated and actual MV A margins 
at bus 5 using the new method for a five-bus power system. 
Omax 
134.3 
193.2 
221.5 
132.5 
MVALoad New Estimated Actual 
at MVA MVA MVA 
Bus 5 Load Level Margin Margin 
60.8 251.7 214.9 215.2 
85.6 239.4 190.6 190.4 
110.5 246.5 165.4 165.5 
135.4 250.9 140.4 140.6 
160.3 254.8 . 115.7 115.7 
185.3 260.3 90.8 90.7 
210.2 . 265.9 65.6 65.8 
235.2 269.6 40.6 40.8 
260.2 273.8 15.6 15.8 
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CHAPTERS. 
CONCLUSIONS 
In this thesis, a method has been presented which approximates the maximum 
loadability of a power system with losses. The development of the energy measure and 
its interpretation for use in an operational environment were introduced for a lossless 
power system. The case with losses was then presented, and the problems with 
transfer conductances were identified. An approximation for the constant terms was 
introduced and tested on a two-bus power system. Results were given for this 
approximation and the errors were analyzed. A new method which approximates the .. 
path of the conductance terms during a series of power flows was introduced. 
Limitations were shown for using the path approximation alone, and an additional 
procedure was developed to allow the path approximation to be used with increased 
accuracy. An algorithm was presented to implement this new approach on a two-bus 
power system. Results using this algorithm were presented for both a two-bus and a 
five-bus power system with losses. 
Overall, the method developed in this thesis works well for both the two-bus and 
the five-bus power systems. The energy function gives an efficiently calculated 
measure of the vulnerability of a power system to voltage instability and collapse. The 
energy measure is also easily interpreted in terms of MW, Mvar or MV A for use in an 
operational environment. 
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APPENDIX. 
PROGRAM TO APPROXIMATE MAXIMUM LOADABILITY 
This is a program used to approximate the maximum loadability of a two-bus 
system with losses. 
c em is the lossless energy measure, em 1 is the energy 
c measure in the load stepping part & em2 is the energy 
c measure for estimating maximum loadability 
program energymeasure 
integer j, h, t, iter 
double precision pf, b(2,2), g(2,2), pinj, qinj, eps, f(2) 
double precision jinv(2,2), em, eml, dp, dq, smin 
double precision dgpdt, dgpdv, dvdt, dv, dt, dgqvdv 
double precision dgpdta, ap, bp, cp 
double precision v, a, p, q, ps, qs, gp, gq, r, x 
double precision vs, as, gps, gqs, pn, qn 
double precision areaq, areap, vss, vus, ass, aus, pss, qss 
double precision em2, pmax, qmax, smax 
double precision aa, bb, cc, dd, areal 
eps = 0.001 
write (6,*) 'Line reactance' 
read (5,*) x 
write (6, *) 'Starting line resistance' 
read (5,*) r 
write (6, *) 'Real power injection at bus two starting at' 
read (5, *) ps 
write (6,*) 'Reactive power injection at bus two starting at' 
read (5, *) qs 
write (6,*) 'Power factor is' 
read (5,*) pf 
smin = sqrt(ps**2+qs**2) 
write (6, *) smin 
call ybus(r,x,g,b) 
t = 0 
j=O 
pn=O 
qn=O 
p=ps 
q =qs 
dp = pf/3 
dq = (sin(acos(pf)))/3 
goto 19 
15 p = -pn*lOO 
q = -qn*lOO 
19 t = t+l 
do 32 i=1,2 
if (i.eq.l) then 
v = 1.0 
a= 0.0 
h=l 
else 
v = 0.1 
a=O.O 
h=l 
endif 
iter= 0 
pinj = p/100 
qinj = q/100 
c Calculate the mismatch 
20 call fcn1(a,v,g,b,pinj,f(1),gp) 
call fcn2(a, v ,g,b,qinj,f(2),gq) 
if ((abs(f(1)).lt.eps).and.(abs(f(2)).1t.eps)) then 
goto 25 
endif 
if (iter.gt.30) then 
write (6, *) 'No solution' 
if (i.eq.1) then 
goto 32 
else 
goto 40 
endif 
endif 
call jac(a,v ,g,b,jinv) 
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c Find next value 
a= a-jinv(1,1)*f(l)-jinv(1,2)*f(2) 
do 23 z=1,20 
if ((a.lt.1.0).and.(a.gt.-2.0)) then 
goto 24 
else if (a.gt.1.0) then 
a= a- 3.14159 
else if (a.lt.-2.0)"then 
a= a+ 3.14159 
endif 
23 continue 
24 v = v-jinv(2,1)*f(l)-jinv(2,2)*f(2) . 
iter= iter+ 1 
goto 20 
25 if (i.eq.l) then 
vs = v 
as= a 
gps = gp 
gqs = gq 
dgpdt = -g(l ,2)*v*sin(a) 
dgpdv = g(l,2)*cos(a)+2*g(2,2)*v 
dt = jinv(1,1)*dp + jinv(1,2)*dq 
dv = jinv(2,1)*dp + jinv(2,2)*dq 
dvdt = dv/dt 
dgpdta = dgpdt+dgpdv*dvdt 
dgqvdv = g(1,2)*cos(as)/dvdt 
else 
c Step up the load once 
if ( t.le.1) then 
c Load Stepping Method 
write (6,*) 'Calculating new load level' 
c Approximate GqN vs. voltage by parabola 
aa = vs 
bb = gqs/vs 
cc = v 
dd = gq/v 
aq = (bb-dd+(cc-aa)*dgqvdv)/(aa*aa-cc*cc+2*aa*(cc-aa)) 
bq = (bb-dd-aq*(aa*aa-cc*cc))/(aa-cc) 
cq = bb-aq*aa*aa-bq*aa 
areal = (aq*(v**3-vs**3)/3+bq*(v**2-vs**2)/2 
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+ +cq*(v-vs)) 
em=O 
em = -(b(2,2)*v*v )/2 
+ +(b(2,2)*vs*vs)/2-b(l ,2)*v*cos(a) 
+ +b(l,2)*vs*cos(as) 
+ +(-q/lOO)*log(v/vs) 
+ +(-p/lOO)*(a-as) 
eml =0 
eml = em+(g(l ,2)*vs*cos(as)+g(2,2)*vs*vs)*(a-as) 
+ +areal 
smax = abs(3*eml *100/(2*(pf*(as-a)+ 
+ sqrt(l-pf**2)*(log(vs)-log(v))))) 
pn = (smax/lOO)*pf-p/100 
qn = (smax/lOO)*sin(acos(pt))-q/100 
goto 15 
else 
write ( 6, *) 'Energy Measure being calculated' 
c Approximate Gq!V vs. voltage by parabola 
aa = vs 
bb = gqs/vs 
cc = v 
dd = gq/v 
aq = (bb-dd+(cc-aa)*dgqvdv)/(aa*aa-cc*cc+2*aa*(cc-aa)) 
bq = (bb-dd-aq*(aa*aa-cc*cc))/(aa-cc) 
cq = bb-aq*aa*aa-bq*aa 
areaq = (aq*(v**3-vs**3)/3+bq*(v**2-vs**2)/2 
+ +cq*(v-vs)) 
c Approximate Gp vs. alpha as a parabola 
ap = (dgpdta-(gps-gp)/(as-a))/(2*as-
+ . (as**2-a**2)/(as-a)) 
bp = (gps-gp-ap*(as**2-a**2))/(as-a) 
cp = gps-ap*(as**2)-bp*as 
vertyp = cp-((bp**2)/(ap*4)) 
areap = 2*(gps-vertyp)*(as-a)/3-gps*(as-a) 
c Save values for energy measure 
vss = vs 
vus = v 
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ass= as 
aus =a 
pss = -p 
qss = -q 
endif 
endif 
32 continue 
40 continue 
em=O 
em= -(b(2,2)*vus*vus)/2 
+ +(b(2,2)*vss*vss)/2-b(1 ,2)*vus*cos(aus) 
+ +b(1,2)*vss*cos(ass) 
+ +(qss/100)*log(vus/vss) 
+ +(pss/100)*(aus-ass) 
em2=0 
em2 = em+areaq+areap 
smax = abs(3*em2*100/(2*(pf*(ass-aus)+ 
+ sqrt(l-pf**2)*(log(vss)-log(vus))))) 
pmax = smax *pf 
qmax = smax*sin(acos(pf)) 
write ( 6, *) ' Gp area Gq/v area em em 1 em2' 
write (6,100) areap, areaq, em, em1, em2 
write (6, *) I I 
write (6,*)' Pinj Qinj Energy PEst. Q Est.' 
write (6,70) pss, qss, em2, pss+pmax, qss+qmax 
stop 
70 fonnat(f7 .1, 1x,f7 .1,2x,f7 .4,1x,f7 .1, 1x,f8.1,1x,f8.1) 
100 fonnat(f9.5, 1x,f9.5,1 x,f9.5, 1 x,f9.5, 1x,f9.5,1x,f9.5,1x,f9.5) 
end 
subroutine fen 1 (x,y ,g,b,m,c,d) 
double precision x,y ,g(2,2),b(2,2),m,c,d 
d = g(2,2)*y*y+g(1,2)*y*cos(x) 
c = -m+b(1 ,2)*y*sin(x)+g(2,2)*y*y+g(l ,2)*y*cos(x) 
return. 
end 
subroutine fcn2(x,y ,g,b,m,c,d) 
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double precision x,y,g(2,2),b(2,2),m,c,d 
d = g(l ,2)*y*sin(x) 
c = -m-b(1,2)*y*cos(x)-b(2,2)*y*y+g(1,2)*y*sin(x) 
return 
end 
c Construct and invert the Jacobian 
subroutine jac(x,y ,g,b,jv) 
double precision x, y, g(2,2), b(2,2), j(2,2), detj, jv(2,2) 
j(l,l) = b(1,2)*y*cos(x)-g(1,2)*y*sin(x) 
j(l,2) = b(1,2)*sin(x)+g(1,2)*cos(x)+2*g(2,2)*y 
j(2,1) = b(1,2)*y*sin(x)+g(1,2)*y*cos(x) 
j(2,2) = -b(1,2)*cos(x)-2*b(2,2)*y+g(1,2)*sin(x) 
detj = j(1,1)*j(2,2)-j(2,1)*j(l,2) 
jv(l,l) = j(2,2)/detj 
jv(1 ,2) = -j(l ,2)/detj 
jv(2,1) = -j(2, 1)/detj 
jv(2,2) = j(1,1)/detj 
return 
end 
c Construct theY-Bus 
subroutine ybus(r,x,g,b) 
double precision r, x, g(2,2), b(2,2) 
g(1,1) = r/(r*r+x*x) 
b(l,1) = -x/(r*r+x*x) 
g(2,2) = g(1,1) 
b(2,2) = b(l,1) 
g(1,2) = -g(1, 1) 
b(1,2) = -b(1,1) 
g(2,1) = g(1,2) 
b(2,1) = b(l,2) 
return 
end 
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